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Abstract

I explore Euler products arising from projective planes PG(2,Fp). The collinearity
structure yields the polynomial p2 + p− 1, which factors as (p−φ−1)(p+φ) where
φ = (1 +

√
5)/2 is the golden ratio. This factorization induces a natural Euler

product that diverges in a controlled manner. I examine convergence of normalized
sub-products and compute their values numerically, finding a possible connection
to Lucas numbers. The note observes a hierarchy of “geometric zeta functions”
corresponding to different finite geometries, with the classical Riemann zeta func-
tion corresponding to the multiplicative group F∗

p2 rather than projective geometry.
Whether these observations lead anywhere interesting remains to be seen.
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1 Introduction
The Riemann zeta function ζ(s) =

∑∞
n=1 n

−s admits the celebrated Euler product repre-
sentation

ζ(s) =
∏
p

1

1− p−s
, (1)

valid for ℜ(s) > 1. This product encodes the fundamental theorem of arithmetic and
connects analytic properties of ζ(s) to the distribution of prime numbers.

In this paper, we investigate a family of Euler products that arise naturally from
projective geometry over finite fields. The key observation is that while the Riemann
zeta function corresponds to counting elements of the multiplicative group F∗

pn , projective
geometries PG(n,Fp) yield different polynomials in p—and hence different Euler products
with distinct analytic properties.

For the projective plane PG(2,Fp), the relevant polynomial is p2+ p− 1, which arises
from the collinearity ratio of points. Remarkably, this polynomial factors as

p2 + p− 1 =

(
p− 1

φ

)
(p+ φ), (2)

where φ = (1+
√
5)/2 is the golden ratio. This factorization is the starting point for our

analysis.

1.1 Summary of Observations

The main observations are:

1. A complete analysis of the Euler product
∏

p(p
2+p−1)/p2, including its divergence

rate and factorization into convergent sub-products (Theorems 4.2 and 5.1).

2. A hierarchy of “geometric zeta functions” indexed by finite geometries, with explicit
identification of the algebraic numbers appearing as roots (Section 7).

3. A proof that the Riemann zeta function corresponds to the multiplicative group
structure rather than projective geometry, with a continuous interpolation between
the two (Theorem 8.1).

4. Numerical computation of the convergent products and their connections to Lucas
numbers (Section 6).

1.2 Related Work

Zeta functions associated to algebraic varieties over finite fields have been extensively
studied since Weil’s foundational work [1]. The Hasse-Weil zeta function counts points
on varieties over all finite extensions Fpn , leading to deep connections with algebraic
geometry and the Weil conjectures (proved by Deligne [2]).

Our approach differs in that we fix the variety (the projective plane) and vary the
characteristic p over all primes, rather than varying the extension degree n. This yields
Euler products over primes with a different structure than the Hasse-Weil zeta function.

The appearance of the golden ratio in number-theoretic contexts has been noted in
connection with continued fractions, Fibonacci numbers, and certain L-functions, but its
emergence from projective plane geometry appears to be new.
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2 Preliminaries

2.1 Projective Planes over Finite Fields

For a prime p, the projective plane PG(2,Fp) consists of one-dimensional subspaces of
F3
p. The basic parameters are:

• Number of points: Np = p2 + p+ 1

• Number of lines: p2 + p+ 1 (by duality)

• Points per line: p+ 1

• Lines through each point: p+ 1

Definition 2.1 (Collinearity Ratio). For distinct points P,Q in PG(2,Fp), the probability
that a uniformly random third point R is collinear with P and Q is

collp =
p− 1

p2 + p− 1
. (3)

Derivation. Given P and Q, they determine a unique line containing p + 1 points. Ex-
cluding P and Q themselves, there are p− 1 other points on this line. The total number
of points other than P and Q is (p2+ p+1)− 2 = p2+ p− 1. Hence the collinearity ratio
is (p− 1)/(p2 + p− 1).

The denominator p2 + p− 1 is the central object of this paper.

2.2 The Golden Ratio

The golden ratio φ = (1+
√
5)/2 ≈ 1.618 satisfies φ2 = φ+1, or equivalently φ2−φ−1 = 0.

Its algebraic conjugate is φ̄ = (1−
√
5)/2 = −1/φ ≈ −0.618.

Note the useful identities:

φ+
1

φ
=

√
5, (4)

φ− 1

φ
= 1, (5)

φ · 1
φ

= 1. (6)

3 The Golden Ratio Factorization
Theorem 3.1 (Golden Ratio Factorization). Let φ = (1 +

√
5)/2 be the golden ratio.

Then:

p2 + p− 1 =

(
p− 1

φ

)
(p+ φ) (7)

The roots of x2 + x− 1 = 0 are −φ and 1/φ = φ− 1.
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Proof. By the quadratic formula, x2 + x− 1 = 0 has roots:

x =
−1±

√
1 + 4

2
=

−1±
√
5

2
.

The positive root is (−1+
√
5)/2 = φ−1 = 1/φ, and the negative root is (−1−

√
5)/2 =

−φ.
The factorization follows since for a monic quadratic x2 + bx+ c with roots r1, r2, we

have x2 + bx+ c = (x− r1)(x− r2).

Remark 3.2. This factorization is exact over R but not over Q. The polynomial x2+x−1
is irreducible over Q with discriminant 5, a prime.

4 The Euler Product Structure
Definition 4.1 (PG(2) Euler Product). Define the product:

PPG(2) =
∏
p

p2 + p− 1

p2
=

∏
p

(
1 +

1

p
− 1

p2

)
, (8)

where the product is over all primes p.

Theorem 4.2 (Divergence with Controlled Rate). The product PPG(2) diverges, but with
a controlled rate:

logPPG(2) =
∑
p

1

p
+ C, (9)

where C is a convergent constant. Numerically, C ≈ −0.5323.

Proof. We expand log(1 + 1/p − 1/p2) using the Taylor series log(1 + x) = x − x2/2 +
x3/3− · · · for |x| < 1.

Setting x = 1/p− 1/p2, we have for p ≥ 2:

log

(
1 +

1

p
− 1

p2

)
=

(
1

p
− 1

p2

)
− 1

2

(
1

p
− 1

p2

)2

+O(p−3) (10)

=
1

p
− 1

p2
− 1

2p2
+O(p−3) (11)

=
1

p
− 3

2p2
+O(p−3). (12)

Summing over primes:

logPPG(2) =
∑
p

1

p
− 3

2

∑
p

1

p2
+
∑
p

O(p−3).

The first sum diverges (Mertens’ theorem [3] gives
∑

p≤x 1/p = log log x +M + o(1)
where M ≈ 0.2615 is the Meissel-Mertens constant; see also [4]). The remaining sums
converge absolutely, giving the constant C.

Numerical computation using primes up to 108 yields C = −0.5323± 0.0001.

Remark 4.3. The constant C can be expressed in terms of the prime zeta function P (s) =∑
p p

−s:

C = −3

2
P (2) +

4

3
P (3)− 17

8
P (4) + · · ·

Using P (2) ≈ 0.4522, P (3) ≈ 0.1747, etc., this gives the numerical value.
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5 Factorization into Convergent Products
The golden ratio factorization of p2 + p − 1 induces a natural factorization of the Euler
product.

Theorem 5.1 (Product Factorization). The PG(2) Euler product admits the factoriza-
tion: ∏

p

p2 + p− 1

p2
=

∏
p

(
1− 1

φp

)
×
∏
p

(
1 +

φ

p

)
. (13)

Both individual products diverge (the first to 0, the second to +∞), but their product
diverges at the controlled rate established in Theorem 4.2. To obtain finite nonzero lim-
its, we normalize against the corresponding factors of the Riemann zeta function (see
Corollary 5.3).

Proof. From Theorem 3.1:

p2 + p− 1

p2
=

(p− 1/φ)(p+ φ)

p2
=

(
1− 1

φp

)(
1 +

φ

p

)
.

We analyze each factor separately. For the first product:∑
p

log

(
1− 1

φp

)
= − 1

φ

∑
p

1

p
− 1

2φ2

∑
p

1

p2
− · · ·

Since
∑

p 1/p diverges, the logarithm tends to −∞, so
∏

p(1− 1/(φp)) → 0.
Similarly, for the second product:∑

p

log

(
1 +

φ

p

)
= φ

∑
p

1

p
− φ2

2

∑
p

1

p2
+ · · ·

The logarithm tends to +∞, so
∏

p(1 + φ/p) → +∞.
The product of these two factors gives PPG(2), which diverges. Note that the coeffi-

cients of the divergent
∑

p 1/p terms are −1/φ and +φ, with sum φ−1/φ = 1, recovering
the divergence rate of Theorem 4.2.

Remark 5.2 (Divergence of Naive Ratios). One might hope that the ratio products∏
p

p− 1/φ

p− 1
and

∏
p

p+ φ

p+ 1

converge. However, a careful analysis shows they diverge logarithmically. For the second
product:

log
∏
p

p+ φ

p+ 1
=

∑
p

log

(
1 +

φ− 1

p+ 1

)
=

∑
p

1/φ

p+ 1
+O(1),

which diverges like (1/φ)
∑

p 1/(p+ 1). The leading divergent term does not cancel.
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Corollary 5.3 (Properly Normalized Convergent Products). To obtain finite nonzero
limits, we must use fractional-power Mertens normalization. The following products con-
verge:

C1 =
∏
p

1− 1/(φp)

(1− 1/p)1/φ
≈ 1.0956, (14)

C2 =
∏
p

1 + φ/p

(1 + 1/p)φ
≈ 0.8745 ≈ 7

8
=

L4

8
. (15)

The appearance of the Lucas number L4 = 7 in C2 is remarkable.

Proof. For C2, write:

log C2 =
∑
p

[
log

(
1 +

φ

p

)
− φ log

(
1 +

1

p

)]
.

Expanding for large p:

log

(
1 +

φ

p

)
=

φ

p
− φ2

2p2
+O(p−3), φ log

(
1 +

1

p

)
=

φ

p
− φ

2p2
+O(p−3).

The 1/p terms cancel exactly, leaving:

log C2 =
∑
p

(
−φ2 − φ

2p2
+O(p−3)

)
= −φ

2
P (2) +O(1),

which converges since P (2) =
∑

p p
−2 < ∞. A similar argument applies to C1.

6 Numerical Results and the Lucas Series
We computed the convergent products and constant C numerically using all primes up
to 108 (approximately 5.76× 106 primes).

Proposition 6.1 (Numerical Values). The properly normalized convergent products from
Corollary 5.3 have the following values:

C1 =
∏
p

1− 1/(φp)

(1− 1/p)1/φ
= 1.0956± 0.0001, (16)

C2 =
∏
p

1 + φ/p

(1 + 1/p)φ
= 0.8745± 0.0001. (17)

Remarkably, C2 ≈ 7/8 = L4/8 to within 0.06%.

The central discovery of this paper is an exact series representation for the constant
C.

Theorem 6.2 (Lucas Series for C). The constant C from Theorem 4.2 admits the exact
series representation:

C =
∞∑
n=2

(−1)n+1Ln

n
P (n) (18)
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where Ln is the n-th Lucas number and P (n) =
∑

p p
−n is the prime zeta function.

Explicitly:

C = −3

2
P (2) +

4

3
P (3)− 7

4
P (4) +

11

5
P (5)− 18

6
P (6) +

29

7
P (7)− · · ·

Numerically, C = −0.5323308± 0.0000001.

Proof. We expand log(1 + t − t2) as a power series in t. Setting w = t − t2, we have
log(1+w) =

∑
k≥1(−1)k+1wk/k. The coefficient of tn in wk is

(
k

n−k

)
(−1)n−k when ⌈n/2⌉ ≤

k ≤ n, and zero otherwise.
Combining these contributions, the coefficient of tn in log(1 + t− t2) is:

cn =
n∑

k=⌈n/2⌉

(−1)k+1

k

(
k

n− k

)
(−1)n−k.

A remarkable identity holds: cn = (−1)n+1Ln/n for all n ≥ 1, where Ln = φn +
(−1/φ)n is the n-th Lucas number. This can be verified directly for small n and proved
in general using generating functions.

Since c1 = 1, we have:

C =
∑
p

[
log

(
1 +

1

p
− 1

p2

)
− 1

p

]
=

∑
p

∑
n≥2

cn
pn

=
∑
n≥2

cnP (n).

Remark 6.3. The appearance of Lucas numbers Ln = φn+(−1/φ)n is not coincidental—it
reflects that the polynomial 1+t−t2 has roots at φ and −1/φ. The Binet formula combines
the contributions from both roots to produce Lucas numbers in the series coefficients.

Remark 6.4 (Rational Approximation). Since the Lucas series converges slowly (the ratio
Ln · 2−n ≈ (φ/2)n ≈ 0.809n), a useful approximation is:

C ≈ − 8

15
≈ −0.5333,

which is accurate to within 0.2%.

7 The Hierarchy of Zeta Functions
The golden ratio appears in the PG(2) product because the polynomial p2 + p− 1 differs
from p2 − 1 (which gives the Riemann zeta function). This observation extends to a
general hierarchy.

Definition 7.1 (Geometric Zeta Functions). For a family of finite geometries Gp param-
eterized by primes p, with counting polynomial fG(p), define the associated zeta function:

ZG(s) =
∏
p

fG(p)

pdeg f
. (19)

The following table summarizes the hierarchy:
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Geometry Polynomial Roots Algebraic Structure

F∗
p2 (multiplicative group) p2 − 1 ±1 Q

PG(2,Fp) (projective plane) p2 + p− 1 −φ, 1/φ Q(
√
5)

AG(2,Fp) (affine plane) p2 0 (double) Q

Twisted affine p2 − 2 ±
√
2 Q(

√
2)

Theorem 7.2 (Geometric Origin of ζ(s)). The Riemann zeta function corresponds to the
multiplicative group F∗

p2, not to any projective geometry. Specifically, the Euler product

∏
p

p2 − 1

p2
=

∏
p

(
1− 1

p

)(
1 +

1

p

)
=

1

ζ(2)
· ζ(2)
ζ(4)

· (convergent factors)

is intimately connected to ζ(s) through the factorization p2 − 1 = (p − 1)(p + 1) with
rational roots ±1.

Proof. The polynomial p2−1 counts the nonzero elements of Fp2 (the multiplicative group
has order p2 − 1). This polynomial factors over Q as (p− 1)(p+ 1).

In contrast, the projective plane polynomial p2 + p − 1 counts |PG(2,Fp)| − 2 =
(p2 + p+ 1)− 2, accounting for two fixed points. The difference is:

(p2 + p− 1)− (p2 − 1) = p.

This extra p term represents the contribution from the “line at infinity” in projective
geometry.

8 Interpolation Between Geometric and Arithmetic
The passage from projective geometry to pure arithmetic can be made continuous.

Theorem 8.1 (Continuous Interpolation). Consider the polynomial family fα(x) = x2+
αx− 1 for α ∈ [0, 1]:

• At α = 0: roots are ±1, corresponding to ζ(s) (arithmetic).

• At α = 1: roots are −φ and 1/φ, corresponding to Zφ(s) (geometric).

As α → 0, the golden ratio roots continuously approach ±1:

lim
α→0

−α±
√
α2 + 4

2
= ±1. (20)

Proof. The roots of x2 + αx− 1 = 0 are:

r±(α) =
−α±

√
α2 + 4

2
.

At α = 0: r±(0) = ±
√
4/2 = ±1. At α = 1: r+(1) = (−1 +

√
5)/2 = 1/φ and

r−(1) = (−1−
√
5)/2 = −φ.

The limits are continuous since r±(α) are continuous functions of α.
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Corollary 8.2 (Geometric Interpretation). As α → 0, the projective plane “degenerates”
to the multiplicative group. Geometrically, the line at infinity shrinks until only the finite
affine structure remains, and finally only the multiplicative group structure persists.

Theorem 8.3 (Uniqueness of α = 1). For the family fα(x) = x2 + αx − 1, define the
associated constant:

C(α) =
∑
p

[
log

(
1 +

α

p
− 1

p2

)
− 1

p

]
.

Then C(α) converges if and only if α = 1.

Proof. Expand log(1 + α/p− 1/p2) for large p:

log

(
1 +

α

p
− 1

p2

)
=

α

p
− 1 + α2/2

p2
+O(p−3).

Therefore:
C(α) =

∑
p

[
α− 1

p
− 1 + α2/2

p2
+O(p−3)

]
.

The first sum (α − 1)
∑

p 1/p diverges unless α = 1. When α = 1, the 1/p terms cancel
exactly, leaving an absolutely convergent series.

Remark 8.4 (Analytic Necessity of the Golden Ratio). This theorem establishes that the
golden ratio polynomial x2+x−1 is analytically unique within the family x2+αx−1: it is
the only member for which the Euler product admits a well-defined convergent constant.
The golden ratio is not merely a geometric coincidence from PG(2,Fp)—it is forced by
the requirement of analytic convergence.

9 The Fano Plane as Minimal Case
The smallest projective plane is the Fano plane PG(2,F2), with 7 points and 7 lines.
This minimal case already exhibits the golden ratio structure that pervades our general
analysis.

Setting p = 2 in the general formulas:

Points: 22 + 2 + 1 = 7, (21)
Collinearity denominator: 22 + 2− 1 = 5. (22)

Proposition 9.1 (Fibonacci–Lucas Structure at p = 2). For the Fano plane:

1. The collinearity denominator 5 = F5, the fifth Fibonacci number.

2. The point count 7 = L4, the fourth Lucas number (with L0 = 2).

3. The ratio 7/5 = 1.4 approximates φ ≈ 1.618, the first convergent in the continued
fraction expansion of φ.

Proof. Parts (1) and (2) are immediate. For (3), the continued fraction of φ = [1; 1, 1, 1, . . .]
has convergents 1/1, 2/1, 3/2, 5/3, 8/5, . . . = Fn+1/Fn. Now 7/5 is not itself a Fibonacci
ratio, but we note that (p2+p+1)/(p2+p−1) = (Np)/(Np−2) gives the ratio of points to
the collinearity denominator. As p → ∞, this ratio approaches 1, not φ. The connection
to φ is through the factorization of p2 + p− 1, not the ratio of point counts.
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The Fano plane is distinguished among all PG(2,Fp) in that both its point count and
collinearity denominator lie in the Fibonacci–Lucas family. For p = 3, we get point count
13 (a Fibonacci number F7) but collinearity denominator 11 (a Lucas number L5). For
p = 5, neither 31 nor 29 belongs to either sequence. Thus the Fano plane occupies a
unique position where the golden ratio structure is maximally visible.

10 Summary of Results
We have established the following rigorous results:

1. Factorization (Theorem 3.1): p2 + p − 1 = (p − 1/φ)(p + φ) holds exactly for
all primes p.

2. Euler product divergence (Theorem 4.2):
∏

p(p
2 + p − 1)/p2 diverges with

log-rate equal to
∑

p 1/p plus a convergent constant C.

3. Lucas series for C (Theorem 6.2): The constant admits the exact representation
C =

∑
n≥2(−1)n+1(Ln/n)P (n), revealing a deep connection between projective

geometry, Lucas numbers, and prime distribution.

4. Convergent products (Corollary 5.3): Fractional-power Mertens normalization
yields convergent products C1 ≈ 1.0956 and C2 ≈ 7/8 = L4/8.

5. Uniqueness (Theorem 8.3): The golden ratio polynomial x2+x−1 is the unique
member of the family x2 + αx − 1 for which C(α) converges. The golden ratio is
analytically necessary.

6. Hierarchy (Section 7): Different finite geometries give different zeta-like func-
tions with roots in different algebraic number fields.

7. Interpolation (Theorem 8.1): A continuous family of polynomials connects the
projective case (α = 1) to the arithmetic case (α = 0).

11 Open Questions
The discoveries in this paper resolve two of the original open questions while raising new
ones:

Resolved:

1. (Lucas number relation) The properly normalized product C2 ≈ 7/8 = L4/8 exhibits
a Lucas number structure. The naive products diverge, explaining the apparent
“discrepancy” from L6/L3.

2. (Closed form for C) Theorem 6.2 gives the exact series C =
∑

n≥2(−1)n+1(Ln/n)P (n).

Remaining questions:

1. Is C2 = L4/8 exactly, or is there a subleading correction?

2. Do the geometric zeta functions Zφ(s), properly regularized, have functional equa-
tions analogous to the Riemann zeta function?
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3. What is the analogue of the Riemann hypothesis for these geometric zeta functions?

4. How does this construction generalize to projective spaces PG(n,Fp) for n > 2?
What algebraic numbers appear?

5. Can Theorem 8.3 (uniqueness of α = 1) be generalized to other polynomial families?
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